/stockfinland complete mathematical formalism is introduced to describe the excitation of electrical eddy currents due to a time-varying magnetic field. The process works by applying a quasistatic approximation to Ampere's law and then segregating the magnetic field into impressed and induced terms. The result is a nonhomogeneous vector Helmholtz equation that can be analytically solved for many practical geometries. Four demonstration cases are then solved under a constant excitation field over all space: ■ an infinite slab in one dimension ■ a longitudinal cylinder in two dimensions ■ a transverse cylinder in two dimensions ■ a sphere in three dimensions. Numerical simulations are also performed in parallel with analytic computations, all of which verify the accuracy of the derived expressions.
ADDRESSING THE BEHAVIOR OF INDUCED EDDY CURRENTS
The excitation of electrical eddy currents in metal objects is a well-documented phenomenon with many practical applications. For example, eddy current testing is a form of nondestructive probing that detects the presence of cracks in a metal plate by measuring changes in the impedance of a current-carrying coil [1] , [2] . Levitation melting is another popular technology that uses eddy currents to repel particles against gravity and avoid contact contamination with a physical container [3] , [4] . Eddy current separation is likewise a popular method in the scrap-recycling industry for separating nonferrous metal particles from other nonmetallic fluff [5] , [6] . One recent variation of that method, called electrodynamic sorting, uses stationary electromagnets to separate nonferrous metal particles from other dissimilar metals [7] .
Despite the many uses for eddy current technologies, the basic theory of eddy current physics can vary significantly with context. To illustrate this, the problem of nondestructive testing is typically modeled in terms of an impressed current density Js that excites a magnetic vector potential .
A Following the derivation of [8] , an expression of this relationship can be shown to obey the vector Helmholtz equation
where ~ is the angular frequency, v is electrical conductivity, and n is the magnetic permeability. However, for the case of eddy current separation with permanent magnets, there is no current density Js to use. Instead, there is only the relative motion between particles and a magnetic field. By applying the appropriate coordinate transformations, one might instead model the system in terms of a fictitious electric field El within the laboratory frame of reference and then derive the corresponding eddy currents accordingly [9] . For the case of levitation melting and electrodynamic sorting, both the particle and the magnetic field are now fixed in space. Likewise, the source distribution Js is either not known or simply too complex to offer a tractable solution.
Instead, all we may know is the applied magnetic field B acting on a given system. At least one treatment of the latter scenario is to let 0 Js = and then solve (1) under carefully chosen boundary conditions. Such a formulation has been used, e.g., to model a metal sphere excited by a uniform, time-varying magnetic field [10] - [12] . Unfortunately, the method only seems to work for the special case of a uniform magnetic field and cannot yet produce results for arbitrarily distributed fields. Other canonical problems, such as the excitation of a longitudinal cylinder, cannot be solved at all through such methods.
What is needed is a formal mathematical theory that addresses the behavior of induced eddy currents in arbitrary conductive geometries, specifically when stimulated by a time-varying magnetic field. This article seeks to fill that need by revisiting the fundamental theory of eddy currents and deriving a more comprehensive expression out of Maxwell's equations.
EDDY CURRENT THEORY
We begin the discussion with Maxwell's curl equations for linear, isotropic, and nonmagnetic media in phasor form. Assuming a phasor convention of ,
Faraday's law and Ampere's law then state that
,
where B is the magnetic field intensity, E is the electric field intensity, and J is the conduction current density. The constants 0 n and 0 e then denote the permeability and permittivity of free space. In the context of eddy currents, however, we are typically only concerned with very low frequencies of operation. We may therefore employ the quasistatic approximation, which simply states that the frequency of excitation ~ is very small, but nonzero. The main consequence of this assumption is that the displacement current in Ampere's law becomes negligible, provided that the overall size of the system is much smaller than a single wavelength in free space. As a result, Maxwell's equations reduce to
.
Next, we assume the magnetic field B is composed of a linear superposition between two distinct contributions. The idea appears to have been introduced by [13] to model eddy currents within square metallic plates, but we are extending that principle to derive a more general theory. The first contribution is the impressed field Bi and is interpreted as a field that has been arbitrarily imposed onto the system by outside forces. The second is the induced field , Be or, simply, the eddy field, which is created by the presence of moving charges within any conductive materials. The total magnetic field is then written as .
B B B
i e = +
Because Bi is generated by external agents beyond the region of interest, we may assume that it has zero curl. It is therefore only Be that has a nonzero curl, leading to
If we now introduce the point form of Ohm's law, we can relate the conduction current density to the electric field via
Ampere's law may now be expressed as
Taking the curl of both sides and substituting from Faraday's law then leads to 
where k j 0vn = -is the complex wavenumber at a low frequency. For simplicity, we may always assume the positive root when evaluating .
k We recognize (13) as a standard vector Helmholtz equation with a nonhomogeneous forcing function. It expresses the causal relationship between an impressed magnetic field Bi and the resulting eddy fields Be generated by electrical currents in conductive particles. Using well-known mathematical methods of classical electromagnetic theory [14] , [15] , analytic solutions to the Helmholtz equation can now be derived for numerous interesting geometries.
Once a solution for Be has been found, the induced eddy current density J quickly follows by applying (8) . At this point, there are many other interesting parameters one might wish to compute after the fact, depending on the application. For example, electrodynamic sorting is primarily concerned with the net force acting on a particle in an applied magnetic field [7] . This is easily computed via
Alternatively, many processes involving levitation melting or magnetic levitation might be interested in power dissipation P throughout a particle [11] . A very useful expression toward that end would be
The simplest solution to (13) involves a one-dimensional slab of infinite extent along the y and z axes. As shown in Figure 1(a) , the slab is assumed to have a uniform conductivity v throughout its volume and a thickness 2, along the x direction. The impressed magnetic field is also assumed to be a constant value everywhere, such that . 
Outside of the slab, we note that the wavenumber k 0 = reduces the Helmholtz equation to
Beginning with (16), we have a standard, second-order differential equation with an inhomogeneous forcing function. The general solution is therefore given as
where C1 and C2 are constants yet to be determined. Due to the symmetry of the system, we can immediately enforce the condition that
e e = -thereby letting . C 0 2 = The next condition is that the total magnetic field B B e 0 + must be continuous at .
If we further impose the condition that the total field remains finite at , x " ! 3 then we find that there is zero eddy field extending beyond the boundaries of the slab. Solving for C1 then quickly leads to
To calculate the current density field , J we simply apply (8) to (19) The slab is excited by a magnetic field intensity of . B 0 1 T 0 = at a frequency of , f 10 kHz = which is a representative value of electrodynamic sorting. For comparison, numerical simulations were also performed under similar conditions using the CST EM Studio software package [16] . However, since numerical simulations in three dimensions cannot extend to infinity, the slab was truncated to large, finite values (200 mm # 200 mm # 20 mm). Agreement between the simulation results and analytic calculations is very strong, thus validating the reliability of our model. It is interesting to note how the eddy currents monotonically increase in magnitude away from the center of the slab, just as one would expect from the greater capture of a magnetic flux throughout the cross-sectional area. The phase, however, is not a constant value throughout the slab, but actually varies quite significantly. It is tempting to interpret this as a potential violation of Lenz's law, in that the eddy field is not always directly opposing the changes in applied field .
Bi The reality is that the eddy currents are opposing all changes in the total magnetic field, meaning that we must also account for the eddy field Be at every point along the slab. The result is a highly complicated phase relationship throughout the slab, which is all captured by the analytic expression in (20) .
Another point of interest is the fact that the eddy field beyond the boundaries of the slab is identically zero. This is a natural result of the symmetry of the system, wherein any field contribution from some arbitrary current density element within the slab is perfectly canceled out by an equal, opposite contribution on the other end. It is only within the slab that any asymmetry exists and thus realizes a nonzero value for .
Be Finally, it is instructive to rewrite the current density in terms of complex exponentials such that | | . Note how this reveals the current density to be a superposition of forward-and reverse-traveling waves. We can further break up the wavenumber into real and imaginary components by using k q jq = -with / . 
Each wave is now associated with a real exponential decay of e qx ! in the forward and reverse directions. We thus define the decay length /q 1 as the skin-depth d of the material where
which is consistent with the results of previous works [8] , [11] .
LONGITUDINAL EXCITATION OF A CYLINDER
The next system of interest is a long cylinder with the radius a being excited longitudinally down its primary axis. We can express this scenario by orienting the cylinder along the z axis and then exciting the system with the impressed field . 
where J0 and Y0 denote the Bessel functions of the first and second kind with order zero. For our first boundary condition, we require that B e remain bounded as 0 " 
Substituting (28) into Ampere's law and solving for J then produces
Note the potential confusion in notation between the current density field J with the Bessel functions J0 and . J1 For consistency, a numerical subscript will always refer to a Bessel function, whereas an alphabetic subscript always refers to a vector component of the current density field. If we finally recall that ( ) = is also superimposed on the calculated values. Just like the infinite slab, we see excellent agreement between the analytic expressions and numerical calculations. As long as the cylinder is very long and the fields are examined far away from the tips, one can reasonably expect (30) to produce an accurate expression of the field profile. Additionally, the radial flow of the current behaves much like an infinite solenoid, which explains why the eddy field outside the cylinder is again identically zero. Furthermore, the skin effect is seen to be much more apparent in this example, due to the increase in conductivity from 1.0 MS/m to 5.0 MS/m. If we recall that the wavenumber satisfies , k j 2 0n v =-we can likewise note the linear proportionality between v and . That is, if the frequency is doubled while the conductivity is reduced by half, then the resulting eddy current field would be perfectly identical.
TRANSVERSE EXCITATION OF A CYLINDER
To complete our evaluation of a conductive cylinder, we now need to consider magnetic excitation along a transverse axis, e.g., . B B x i 0 = t Any arbitrarily impressed magnetic field can then be expressed as a linear superposition of both a longitudinal component and transverse component with respect to the cylinder. At the same time, however, we immediately encounter a difficult problem in that B B x i 0 = t does not seem to provide any straightforward symmetry by which to solve (13) . Whereas it is still technically possible to brute-force a solution through basic numerical methods [17] - [19] , we would clearly prefer to devise a workable mathematical framework by which to express an exact solution. One way to accomplish this goal is to reevaluate (13) in terms of magnetic vector potential. If we recall Gauss's law of , 0 B $ d = then we can immediately conclude the existence of a separate vector field A that satisfies
Substituting into Faraday's law, we quickly find that
This expression further implies the existence of a scalar field z that satisfies
Plugging (31) into Ampere's law, we find
Applying Ohm's law and (33) next reveals
As a final step, we observe that the vector potential A has only been defined in terms of its curl and is thus not yet unique. To uniquely specify , A we still need to impose a solution for its divergence. This choice of divergence is called a gauge, with the natural choice being
The result is a familiar expression with the form of
The value of (36) is that it again expresses the physical behavior of eddy currents through a vector Helmholtz equation. The vector potential , A however, is perfectly orthogonal to , B thus enabling new opportunities for a separable expression in cylindrical coordinates. The tradeoff, however, is that (36) also gives up the nonhomogeneous source term that served as the forcing function in (13) . Fortunately, we can still express the same information via an appropriate choice of boundary conditions. Such a concept has already been used to great advantage by Rony for the case of a uniform sphere [10] , and we will likewise apply the same principle on a transverse cylinder.
We begin by noting that the vector function 
The solution to (38) is found by applying the method of separation of variables and is summarized in many standard references [14] , [15] . The complete solution for A, both inside and outside of the cylinder, is thus given as ( , )
. 
At this point, there are only two unknown coefficients, D1 and . D4 Furthermore, the eddy fields outside of the cylinder are no longer trivial and thus require more careful consideration. Therefore, we begin by imposing continuity along the boundary at , 
The final boundary condition stems from Maxwell's equations and requires that the tangential H-field must remain continuous along the boundary at , a t = where H is related to B via the constitutive relation . B H n = However, since we are only concerned with nonmagnetic materials, we can simplify this condition to require that only the tangential B-field be continuous. That is, 
=-
we notice that the divergence of (41) is zero. As a result, z is also zero, and the current density satisfies the very simple relation . j J Ãv =-Solving for the total eddy current density finishes with , ( plotted down the center of a long (60-mm) cylinder with the same radius a and conductivity . v As with the transverse case, we can reasonably assume an accurate solution for very long, thin cylinders.
EXCITATION OF A SPHERE
As we found in the section "Transverse Excitation of a Cylinder," the solution for a transverse cylinder can be rather involved. Even so, the process is still relatively straightforward and tractable, eventually giving rise to a compact solution for .
J For the special case of a sphere, the overall derivation is generally identical to that of the transverse cylinder except for the use of spherical coordinates rather than cylindrical ones. As mentioned, the concept was originally introduced by Rony in 1964 [10] but was only used to calculate the net force on a sphere rather than the total eddy current distribution. Bidinosti et al. [12] have likewise explored the problem of eddy currents on a sphere but appear to have derived a solution with an incorrect scale factor. What follows here is a simplified reworking of Rony's original derivation, but specifically focusing on calculating the eddy current density and verifying the solution against numerical simulations. Given an impressed mag- 
where r is the radial coordinate, i is the elevation angle, and z is the azimuth. One can again verify this expression by computing B A
The field is assumed to excite a spherical particle of radius a and conductivity v at a frequency . f 2 r = Presuming that the eddy field induced within the sphere decays to zero as , r " 3 (48) can then serve as our boundary condition at infinity. Noticing that A is only excited along the z t -direction, we let .
We also note the symmetry around z such that / . 0 2 2z = Expressing (36) in spherical coordinates then leads to 
The functions jn and yn are the spherical Bessel functions of the first and second kind with order , n whereas Pn 1 and Gn 1 are the associated Legendre functions of the first and second kind. We are now ready to apply boundary conditions, with the first condition being the requirement for a finite solution at r = 0. Because the second Bessel function yn is divergent, we naturally find C 0 2 = . We likewise require that all fields converge to the impressed profile for observers far away from the sphere, thus forcing 
The coefficients C1 and C4 are found by applying continuity of the A-fields and H-fields at . r a = The first condition is straightforward and results in
The second condition resembles (43) in spherical coordinates and is written as 
After solving the system of linear equations, we find our last coefficients to be 
Noting again that · , A 0 d = we can immediately solve for the eddy current density using .
The result is a relatively compact expression with the form ( , ) ( T at f 10 = kHz and is oriented parallel to the z axis. Figure 4(b) shows the real and imaginary components of Jy when plotted as a function of x at . y z 0 = = For comparison, simulation results are also plotted against the analytic solution and show excellent agreement. It is interesting to note how the J-field is mostly concentrated around the equatorial regions of the sphere, with a pronounced skin effect forcing most of the current toward the outer edge. Part of this is due to the sin i dependence, which forces all currents toward zero along the z axis of the sphere. A similar effect was also seen with the transverse cylinder, which likewise exhibited a sin i dependence. The reason for this is again best explained by a capture of magnetic flux, which increases as one moves away from the center of the sphere toward the outer edge.
DISCUSSION
This article provides a direct mathematical formalism for calculating electrical eddy currents due to the presence of a time-varying magnetic field. Four demonstration cases are solved, including a one-dimensional slab, two orientations of an infinite circular cylinder, and a sphere. For each case, numerical simulations were performed in parallel with the analytic computations and agreed very well with the end result. Whereas (13) captures the governing behavior of any arbitrary system of interest, it is not necessarily the most straightforward expression to solve under all circumstances. In at least some instances, we have shown that (36) is capable of simplifying the problem into a more tractable derivation. At the same time, however, this is only true for the limited number of cases wherein the appropriate boundary conditions can be expressed at infinity. For example, if the excitation fields were not uniform, then (37) would have to be reinvented and applied accordingly. In contrast, (13) technically describes the eddy current behavior for any arbitrary source field Bi.
Although we have neglected the possibility of magnetic materials in this article, it should be relatively straightforward to produce a similar theory for magnetic metals by simply replacing 0 n with r 0 n n in the wavenumber k. When doing so, however, one must be careful to enforce the proper boundary conditions with nonmagnetic media such that all tangential H-fields remain continuous. This means (43) and (54) are only applicable within the scope of this article and are not generally true expressions. Such issues, however, are best left to follow-up research. 
